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o We want to solve: (—A)°u=finQ
o For s € (0,1) and any w € C§°(2), (—A)* defined as

(A w(x) =Y Nowwdr(x) . (-A)°  HY(Q) —» H(Q)
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o H(Q) = {W(x) = Loy whe(x) + Tizy MIwil? < o0}
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Yy
U : div(y*VU) =0




Truncation
o Cylinder must be finite: Cy = Q x (0,))

Ricardo H Nochetto, Enrique Otérola, and Abner J Salgado. “A PDE approach to
fractional diffusion in general domains: a priori error analysis”. |n: Foundations of
Computational Mathematics 15.3 (2015), pp. 733-791.
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Truncation

o Cylinder must be finite: Cy = Q x (0,))
Fl}(y",Cy) defined analogously, adding w(-,)) =0
o Theorem (exponential decay)® For every )V > 1,
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Uy € H}(y*,Cy) solve

()

div (y*VUy) =0  inCy
UyZO on aLCyUQX{y}
Opelly = dsf on Q x {0}

o Theorem (exponential convergence) For every J) > 1, !

< e~VMY/4

[t — uy”/-"/z(ya,cy) ~ HfHIHI*S(Q)

'Nochetto, Otarola, and Salgado, “A PDE approach to fractional diffusion in general
domains: a priori error analysis”.
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o Cy
V¢ € Hi(y*,Cy)

y*VV . Vedx'dy = ds/ fo(x',0)dx,
Q

@ Decomposition of function space:

Theorem
AH(y™,Cy) = HH(R) © H3(y*, (0,3)) J

o Full FE space: V3 =V, ® 8y C f:/i(ya,cy)
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Discrete Problem
Look for solutions

Ll,,yxy ZUk(X Vk , UkEVh,VkESy
Our problem reads:
K
/C y* lvx’,yz Uk(X/)Vk(Y)] vx’,y¢(xlaY) dx'dy = ds/Qf(X/)¢(Xla0)dX/
RY k=1

Voe Vhy
Apply diagonalization technique: find (v, ) € Sy \ {0} x R such that

Y Y
/ yV (y)w'(y)dy = u/ yov(y)w(y)dy, YweSy
0 0

Eigenfunctions normalized so that

Y Y
/0 yi(y)vi(y) dy = pjéj, /O yvi(y)vi(y) dy = &;
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Diagonalization

o Write Uhy Z Uk (x") vi(y

o Consider ¢(x',y) = W(x) vi(y), W eV,

o Diagonalization decouples problem into K independent problems:
For k=1,2,....K, find Ux € V}, s.t.

au (U, W) = dsvi(0)(F, W), YW eV,

with a,, o(V, W):/VX,\A/-VX,deUrW/ VW dx'
Q Q

Why is this efficient? Let N = dim V}, and K = dim Sy.

@ Trade solving an NK x NK matrix problem for K separate N x N
matrix problems (K < N).

o Embarrassingly parallelizable.



Full Discretization

Take your favorite V;, and let Sy be
@ (Quasi-)Uniform mesh with Py

IV@U =t )iz ey S (B R) ™5 [l
@ Graded mesh with [Py
IV U = Uny)lli2yecyy S | log(N- K)[*(N - R)_‘%“Ilfllﬂlfs(m
@ Geometric mesh with hp-FEM
IV = U)o ey S Nog(R)[7(R) ™7 [1Flli—ay

for some g > 0.
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2Zhimin Zhang. “How many numerical eigenvalues can we trust?” |n: Journal of
Scientific Computing 65.2 (2015), pp. 455—466.
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Issue
Eigenvalue problem unstable?
Question?

Do we even need to discretize
in the extended direction?

2Zhang, “How many numerical eigenvalues can we trust?”



Exact Eigenpairs in Extended Dimension

For s € (0,1)
—( () = Ay*(y) in(0,))
—y“Y'(y) =0 asy |0
$(Y) =0

Expanding:

Yo" (y) + ay® 1 (y) + Ay Y(y) =0
W (y) + %zz/(y) + X(y) =0



Two cases: s=1/2and s #1/2
0 s=1/2,

[k = (%)2 : Vk(y)Z\/gcos <Wy) , keN

o s#1/2

e = (ne/Y)? , where 7y is the k™ root of J_g

V2
vi(y) = <s/2— (yv/k)* J=s(y /1)
py " Y5 (k)

° k=1.2,....K, solve ay, o(Ui, W) = dsvi(0)(f, W) , YW € V.
K
> vi(0) Uk

Then, u,',fy =
k=1
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3Alessandra Lunardi. Interpolation theory. \/ol. 16. Springer, 2018.
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Relation to a Quadrature Scheme
o Formally, write Uy = ds vk(O)(MkI — Ap) "y

° uhy() =Upy(-0) = ds Zlvk 2l — )7y
o Recall the Dunford- Taylor mtegral formula3

(—A)~S = 2sin(ms) /Oo tY(t21 — A)"tdt
T 0

o Interpret above series as a quadrature for

/ tF(t)dt, F(t) =
0

with weight t®. The nodes and weights are:

_ dilv (0P

2sin(sm)

2sin(7rs)(t2l N

te =k

3Lunardi, Interpolation theory.



Trapezoidal Quadrature

@ Define
s T 2 i o <nk>
s f— b S =53 Vo, . (1, )2 y F v
Is(F) / RO axs la(F) = 55 ; Vs (i) <y> Y
where F(x) = ﬁ

*Hidenori Ogata. “A numerical integration formula based on the Bessel functions”.
In: Publications of the Research Institute for Mathematical Sciences 41.4 (2005),
pp. 949-970.
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Trapezoidal Quadrature

@ Define
%) 2 MK 1-2s MK
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Trapezoidal Quadrature

o Define
o 1-2 2 Mk b Nk
Ii(F) = “2F(x) dx , s p(F) < () F(I
(F) /_OOIXI (x)dx , Isn(F) y;ynkh s(nk)z( ) (y>
where F(x) = ﬁ

o Define* Bs 4 as the set of functions F s.t.:
o F(z) analytic in Dy
o 0<cxd
Q Nec= [T (Ix+ic|"*|F(x + ic)| + |x — ic|'"*|F(x — ic)|) dx
Q limepg Nse < 0
Q limaoo [T |x+ iy|* 7% |F(x + iy)|dy = 0
o If Fe Bs,\/)Tl/Z' then

1(F) = (Pl S exp (=Vv/)

*Ogata, “A numerical integration formula based on the Bessel functions” .



Error Analysis

Ju— “/TyHLZ(Q) < Ju- ”hHL2(Q)
+ [|un — “l??yHB(Q)

+{|upy - uf’f&’HL?(Q)

®Matsuki and Ushijima, “A note on the fractional powers of operators
approximating a positive definite selfadjoint operater”.
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Error Analysis

~ h2s  [5]
Ju— u;’fyHLZ(Q) < Ju- ”hHL2(Q) ’
o il EPCIV)

- y2s
ey = ullow  ~(3)

This suggests that we take

Y =2sllog(h)| , K=2sh"'|log(h)|

®Matsuki and Ushijima, “A note on the fractional powers of operators
approximating a positive definite selfadjoint operater”.



Square Domain

Let Q = (0, 1)%.
1,0, x2) = sin(imx) sinmxg) , Aij =722 +)%) , 0 j €N
For any s € (0,1),
f(x1,x) = (2‘rr2)s sin(mxy) sin(mx2) == u(xy, x2) = sin(7xy) sin(mwxy)

#Ta Yy K LZ(Q) error rate y K LZ(Q) error rate
16 0.69315 2 2.67052e-01 - 2.07944 | 8 5.13106e-02 | —

64 1.03972 8 1.91820e-01 0.64 3.11916 24 1.65452e-02 1.63
256 1.38629 22 1.34186e-01 0.52 4.15888 66 5.19302e-03 1.67
1024 1.73287 55 9.49761e-02 0.50 5.19860 166 1.70008e-03 1.61
4096 2.07944 133 | 6.69246e-02 0.51 6.23832 399 5.68776e-04 1.58
16384 | 2.42602 310 | 4.73530e-02 0.50 7.27805 931 1.93277e-04 1.56
65536 | 2.77259 709 | 3.34751e-02 0.50 8.31777 2129 6.63366e-05 1.54

Table: s =0.25 Table: s =0.75



Conclusions

o Recapped the spectral fractional Laplacian and the extension
technique of Caffarelli-Silvestre.

o Finite element discretization and diagonalization of extended
dimension.

o New semi-analytic spectral diagonalization method.

o Relation to a quadrature scheme.



Thank you for your attention!
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