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We study the spectral fractional Laplacian (—=A)* in a bounded domain  c R?. As in previous works we use the , L .
Caffarelli-Silvestre extension to convert it into a Dirichlet-to-Neumann mapping in Ri“. A diagonalization scheme Substitute solution into weak form:

Is used to reduce the computational complexity and expose the inherent parallelizability of the method. K
ac, Uy, V) = d, /Q F@)V (2)0(0) da

" Implemented in deal.ll (2.4.2-r3) = Single node Intel Xeon Gold 6246R
= Parallelized with OpenMPI (4.1.5) = Fedora release 36

We refine the diagonalization scheme by proposing an analytic approach to compute the eigenpairs of the eigenvalue

problem in the extended dimensions, avoiding the numerical instability in approximating the eigenpairs with a finite = Simplify by: Find (¢, ﬂ) < Sy \ {O} x R such that .
element method. We demonstrate that this new analytical approach is related to certain quadrature schemes used Numerical Results

Y Y
/ /
to approximate the spectral fractional Laplacian. We further show that this novel algorithm maintains exponential /O ?/O% (y)w (f‘/) dy = M/O w(y)w(y) dy, Vwe Sy-

100
convergence. Numerical examples in two dimensions demonstrate the performance of the method. : :
e HITEHEEL EraTpies e E | " = Now the problem is: For k=1,2,...,IC, ind U, € V;, such that .
10-1 | :
Problem Statement / VUL(z) - VV(x)dx + / Up(2)V (2)dx = dspi(0)(f, V), VYV €V,. 5 : 5 2 |
() () f_)\ s i fi 8
Let Q  R? be a bounded domain. Given s € (0,1) and a sufficiently smooth f, find u such that * Issue: computing eigenvalue problem is unstable [7]. % W e N § 10 Herror oc k% — 105 |
(—APu=f inQ. = |[nstead, solve eigenvalue problem exactly. e e N | e s=1/4
S - oc h?% = p15 - 107* || ——error oc h? = h!d
() + 0/ y) + () =0,y € (0.9) | R | |
Instead of solving the above problem, use the Caffarelli-Silvestre extension technique [3, 6] to viy) y TR = =AY DR A R S G
reformulate the problem. Set C = € x (0, 00) and find ¢/ such that = Solutions are 102 100 10t 100 10 102 100 10t 100 10
. . oU 1 2 9 D f Freed D f Freed
div (yozvu) —0inC, I =0 on 8LC ’ ﬁ = dsf on Q x {O}, (1) (%) B (k _ §)7.‘. w(%)(o) B g (5) M w(s)(o) B 25—|—1/2 egrees of Freedom egrees of Freedom
v . = Y » Pk “\Vy My = Y Pk TS ' (a) Qf, = (0, 1)% with linear combination of sine b) Qe = {(z,y) : 2> +y* < 1} and exact solution is a
where a = 1 — 2s, 9;C denotes the lateral boundary, (f% is the co-normal derivative, and pge Y J1—s(m) V(1 = &92)) functions as exact solution. scaled Bessel function of the first kind.
217%5r(1-s) .
ds = is a normalizing constant.
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Note: u(-) = U(, 0). Quadrature and Error Analysis Parallel Performance
A . ¢ | 1] b tt Strong Scaling Performance on a Square Domain Weak Scaling Performance on a Square Domain
. = APppProximate soition may pe Written as ‘ ‘ ‘
Weak Formulation . K 2 § p |[emetel * | [Feeciency
= First, truncate the cylinder to Cy = Q2 x (0, )). upy = ds Z [Ur(0)[* (L — Ap)" " Puf- . | 0.98
* Introduce weighted L* space: . h=l . R . | o 095
= Interpret this as a quadrature of the Balakrishnan formula [2] s ) 2 03
2 « 2 O - O
[wli3a gy = [ ¥ wl@Pdedy < oo sin(sm) [ § o :
7y 0.88
= Define weighted Sobolev space: . . ! 8 l
. ) ) = Erroris controlled via \ | 0.85
Hl(y® Cy) = {w € L2y, Cy) : Vw € LA(y®,Cy), wly oo = 0} . e
L y “ ) Yy, 3% Yy, V) 0rC IC 0@ 0. @) I
| | o LYY | — uh,y||L2(Q) < | — UhHLQ(Q> + JJup, — uh’yHLQ(Q) + ”U’h,y _.uh,yHLQ(Q) U0 4 5 1 16 20 21 s 3 0 4 8 12 16 20 24 28 32
* The problem is now: find Uy, € Hj(y®,Cy) such that < Discretization error + Quadrature error + Truncation error Umber of MP! Processes Number of MPI Processes
/ y*(VUy - Vv)dz dy = acy(z/{y, v) = ds(f, tro) , Vo e ﬁi(yo‘,Cy) . = Discretization error is controlled by h?¢ [4].
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